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Abstract 

The couplings of a collection of BF models to matter theories are 
addressed in the framework of the antifield-BRST deformation proce- 
dure. The general theory is exemplified in the case where the matter 
fields are a set of Dirac spinors and respectively a collection of real 
scalar fields. 

PACS number: ll.lO.Ef 



1 Introduction 

The power of the BRST formalism was strongly increased by its cohomo- 
logical development, which allowed, among others, a useful investigation of 
many interesting aspects related to the perturbative renormalization prob- 
lem jUElinj, anomaly-tracking mechanism simultaneous study of local 
and rigid invariances of a given theory jS] , as well as to the reformulation of 
the construction of consistent interactions in gauge theories in terms of 
the deformation theory [71IH], or, actually, in terms of the deformation of the 
solution to the master equation. 
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The main aim of this paper is to construct all consistent Lagrangian in- 
teractions in four spacetime dimensions that can be added to a "free" model 
that describes a generic matter theory uncoupled to a collection of abelian 
BF models ||9j by means of deforming the solution to the master equation 
with the help of specific cohomological techniques. The field sector of the 
four-dimensional BF model consists in a collection of scalar fields, two sets of 
vector fields and a system of two-forms. Interacting topological field theories 
of BF-type are important in view of their relationship with Poisson Sigma 
Models, which are known to explain interesting aspects of two-dimensional 
gravity, including the study of classical solutions |10j. Other interesting as- 
pects envisaging BF models can be found in ^T] from a Lagrangian perspec- 
tive and also in ^2] from a Hamiltonian point of view. The results presented 
here extend our former work ^2] on the Lagrangian couplings between a sole 
BF model and matter fields. 

The couplings are obtained on the grounds of smoothness, locality, (back- 
ground) Lorentz invariance and Poincare invariance. In addition, we require 
the conservation of the number of derivatives on each field in order to prevent 
any changes in the differential order of the field equations with respect to the 
"free" model. The entire Lagrangian formulation of the interacting theory is 
obtained from the computation of the deformed solution to the master equa- 
tion, order by order in the coupling constant g. The existence of consistent 
couplings of order g between the matter fields and the BF ones is ensured 
under the supplementary, reasonable hypothesis that the matter theory is in- 
variant under some (non-trivial) bosonic global symmetries, which produce 
some (non-trivially) conserved currents j^. It is essential that the number 
of rigid symmetries is equal to the number of BF fields from the collection. 
Based on the derivative order assumption, we argue that the generators of 
the rigid symmetries cannot involve the derivatives of the matter fields and 
consequently we take them to be linear in these fields, with some coefficients 
that are the elements of a set of constant matrices T^. The consistency of the 
deformation procedure at order g"^ requires the existence of some antisym- 
metric functions Wab that depend only on the undifferentiated scalar fields, 
which have the meaning of the components of the two-tensor on a Poisson 
manifold with the scalar fields viewed as the local coordinates on the target 
space, and holds in two situations. In the first case (type I solution) all the 
matrices Tq commute and in the second one (type II solution) their com- 
mutators close according to a Lie algebra L {Q) with the structure constants 
— /^^. Type II solutions also restrict the components of the two-tensor Wab 
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to be polynomials of order one in the scalar fields, with the coefficients of 
the linear terms precisely /j" . The deformation procedure stops at order one 
if the matter currents include no derivatives and if they either remain 
invariant under the gauge version of the rigid symmetries in the first case or 
transform under the gauge version according to the adjoint representation of 
L{Q) in the second case. Otherwise, there appear deformations of order 
and possibly of higher orders. It turns out that our procedure deforms ev- 
erything, namely, the Lagrangian action, its gauge transformations and also 
the accompanying gauge algebra. 

The paper is organized into six sections. Section 2 introduces the model to 
be considered and construct its "free" Lagrangian BRST symmetry. Section 
3 briefly reviews the procedure of adding consistent interactions in gauge 
theories based on the deformation of the solution to the master equation. 
In Section 4 we construct the Lagrangian interactions for the starting "free" 
system in four dimensions by solving the deformation equations with the help 
of standard cohomological techniques. Section 5 apphes the theoretical part 
of the paper to the case where the role of the matter flelds is played by a 
set of Dirac fields and respectively by a collection of real scalar fields and 
Section 6 ends the paper with the main conclusions. 



2 "Free" BRST symmetry 



We begin with a "free" theory in four spacetime dimensions, described by the 
sum between a collection of BF-like Lagrangian actions and a matter action 

tmatt 



cBF 



(1) 



where the BF field spectrum contains a set of two-forms {B^^}, two systems 
of one-forms |74^,i7^|, and a collection of scalar fields {(/^a}- The discrete 
index a is an integer valued from 1 to N , and the number of matter fields is 
denoted by / (i = 1,/). Here and in the sequel the notation f {[q\) signifies 
that / depends on q and its spacetime derivatives up to a finite order, and 
[ixu ■ ■ ■] (or possibly [ah ■ ■ ■]) means full antisymmetrization with respect to 
the indices between brackets such that all the independent terms appear only 
once and are not multiplied by additional numerical factors. We assume 
that the Lagrangian density Cq is however no more than second-order in 
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the derivatives of the matter fields and that it displays no non-trivial 
gauge symmetries. In what follows Si denotes the Grassmann parity of the 
matter field y*. Action (0) is found invariant under the gauge transformations 
(generating set) 

= d,e^ ^ {Rlf^')/, SM;. = 2d^el, ^ K^'^ir^tp, (2) 
= 0, <5,i?r = -39,er = (i?i^)^^)'^^ef ^ b^y^ = 0, (3) 

that are abelian and off-shell, second-stage reducible. The gauge parameters 
are all bosonic, with e"^, and e'^"'' completely antisymmetric in their Lorentz 
indices. The redundancy of the gauge generators of the fields and B^'^ de- 
couples at the level of the "free" model, as it can be seen from the reducibility 
relations 

(Z»");"(ze)f" = 0. (5) 
where the reducibility functions respectively take the form 



All these properties can be synthesized by the statement that the "free" 
model under discussion is a so-called "normal" gauge theory, of Cauchy order 
equal to four. In particular, the matter action S*™*^" [y^] is assumed to define 
a theory of Cauchy order equal to one, while the BF model alone, with the 
action Sq^ A'^^, H^, ipa, Bj^'^ , is described by a hnear gauge theory of Cauchy 
order equal to four. 

With the purpose of constructing all consistent deformations of this the- 
ory in mind, we initially determine its BRST symmetry. The ERST algebra 
is generated by the field, ghost and antifield spectra 

= {a;, H;, i?r, y^) , = {at, HT, B;:, y*) , (9) 
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as _ (-<a * _ f^*pup\ (ir^\ 

V — '-'p.upX^ Vas — '-'a ' U^J 

where the fermionic ghosts r^"^ and //"^correspond to the gauge parame- 
ters, respectively, to the second-order reducibihty relations, while the bosonic 
ghosts 7]"^ are due to the first-order redundancy of the generating set. The 
star variables denote the antifields and exhibit statistics opposite to that of 
the corresponding fields/ghosts. 

Since both the gauge generators and the reducibility functions are field- 
independent, it follows that the BRST differential reduces to 

s = 5 + 7, (13) 

where 6 is the Koszul-Tate differential, and 7 means the exterior longitudinal 
derivative. The Koszul-Tate differential is graded in terms of the antighost 
number (agh, agh (5) = —1) and enforces a resolution of the algebra of 
smooth functions defined on the stationary surface of field equations for 
action ((T)), (E), E : 55*0/5$"" = 0. The exterior longitudinal deriva- 
tive is graded in terms of the pure ghost number (pgh, pgh (7) = 1) and 
is correlated with the original gauge symmetry via its cohomology in pure 
ghost number zero computed in C°° (E), which is isomorphic to the algebra 
of physical observables for this "free" theory. The degrees of the generators 



(im)-(|12p from the BRST complex are valued like 

pgh($°o) = pgh($;j=pgh«J = 0, pgh(r/"i) = l, (14) 

agh($°o) = agh(r7"0 = 0, agh(Co) = 1, ^gHv*J = 2, (15) 

pgh(r?"^) = 2, pgh(r7"3) = 3, pgHv:,) = PSHvl^) = 0' (16) 

agh(r/"^) = aghir') = 0, B.gh{r]*J = 3, ^gHr]*J = 4, (17) 

and the actions of S and 7 on them are given by 

5$"o = 5ry"i = 5r7"2 = 5r/"3 = 0, (18) 

Sy* = SAT = d,B:^\ 6Hr = -d^^a, 5^*"" = d^H% (19) 

5B;1 = -^di,At^, 6v: = -d,AT, 6Cr = d^'HT\ (20) 

5r^;% = d^.B:;^ , 6Cr^ = -d^^Cr^ , (21) 
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= -9[X;x] , scr'' = d^'cr'^ , (22) 

iKo = = 7C = 7<3 = 0' (23) 
7^;: = d,v^, ^H; = 2d''C%, 7^a = 0, = -^d,vr, (24) 

71/^ = 0, = 0, 7C^^". = -SS'^C^^, 7^]^ = 49,7/^', (25) 

7^;,, = 49^c;,,„ 7^/.^^^"' = 0, ic;^,, = o. (26) 

The overall degree from the BRST complex is named ghost number (gh) 
and is defined like the difference between the pure ghost number and the 
antighost number, such that gh (5) = gh (7) = gh (s) = 1. The BRST 
symmetry admits a canonical action s- = (■, 5*), where its canonical generator 
(gh (S) = 0, e {S) = 0) satisfies the classical master equation 

{S, S) = 0. (27) 

The antibracket (, ) is obtained by decreeing the fields/ghosts respectively 
conjugated with the corresponding antifields. In the case of the "free" theory 
under discussion, the solution to the master equation takes the form 

s = So + Jd'x {ATd.v^ + 2H*/d^c;, - 3B;id,vr 

- scrd^c;,^ + 4v;i^d,vr' + ^^cr'd'c;^^,) , (28) 

and it contains pieces of antighost number ranging from zero to three. 



3 Basic equations of the deformation proce- 
dure 

We consider the problem of constructing the consistent interactions that can 
be added to the "free" Lagrangian action (Q), 5*0 (where means the 
original field spectrum in Q), invariant under the gauge transformations 
©-©J written in a compact form like 

S $"0 = i?°o — = (29) 

such that the couplings preserve both the field spectrum and the original 
number of independent gauge symmetries. This issue is addressed by means 
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of reformulating the problem of constructing consistent interactions like a 
deformation problem of the solution (j28|) to the master equation correspond- 
ing to the "free" theory jTj. Such a reformulation is possible due to the fact 
that the solution to the master equation contains all the information on the 
gauge structure of the theory. If a consistent interacting gauge theory can 
be constructed, then the solution 5* to the master equation associated with 
the "free" theory, {S, S) = 0, can be deformed into a solution 5", 

S ^ S = S + gSi + 0^82 + ■ ■ ■ = 

S + g J d'^xa + g^ J d^xb + ---, (30) 

of the master equation for the deformed theory 

{S, S) = 0, (31) 

such that both the field/ghost and antifield spectra of the initial theory, (jH))- 
(fT^ . are preserved. The equation splits, according to the various orders 
in the coupling constant (deformation parameter) g, into ()27|) and 

2(^1,^) = 0, (32) 
2iS2,S) + iS,,S,) = 0, (33) 
(53,5) + (5i,52) = 0, (34) 

The equation (jTTj) is fulfilled by hypothesis. The next one, (jH^ . requires 
that the first-order deformation of the solution to the master equation, 5*1, is 
a cocycle of the "free" BRST differential s. However, only cohomologically 
non-trivial solutions to (j32p should be taken into account, since the BRST- 
exact ones can be eliminated by a (in general non-linear) field redefinition. 
This means that Si pertains to the ghost number zero cohomological space 
of s, (s), which is generically non-empty due to its isomorphism to the 
space of physical observables of the "free" theory. It has been shown in jTj on 
behalf of the triviality of the antibracket map in the cohomology of the BRST 
differential that there are no obstructions in finding solutions to the remaining 
equations f ljH^ - ljMj) . etc.). Unfortunately, the resulting interactions may 
be non-local, and there might even appear obstructions if one insists on 
their locality. The analysis of these obstructions can be done with the help 
of cohomological techniques. As it will be seen below, all the consistent 
interactions in the case of the model under study turn out to be local. 
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4 Deformation of the "free" solution to the 
master equation 

Here, we compute the consistent Lagrangian interactions that can be added to 
the "free" model analyzed so far, which describes a generic matter theory plus 
a topological BF-type model in four spacetime dimensions. This is achieved 
by solving the deformation equations etc., with the help of some 

specific cohomological techniques. Our aim is to determine the complete 
deformed solution to the master equation, which is consistent to all orders in 
the coupling constant. For obvious reasons, we consider only smooth, local, 
(background) Lorentz invariant and, moreover, Poincare invariant quantities 
(i.e. we do not allow explicit dependence on the spacetime coordinates). The 
smoothness of the deformations refers to the fact that the deformed solution 
(jnn|) to the master equation is smooth in the coupling constant g and reduces 
to the original solution (j28|) in the free limit g = ^. In addition, we require 
the conservation of the number of derivatives on each field (this condition 
is frequently met in the literature; for instance, see [131 113 HHj). The last 
requirement will be brought in only after the derivation of the general form 
of the first-order deformation, during the consistency procedure. 

4.1 First-order deformation 

4.1.1 Standard material: (7) and H {5\d) 

Initially, we approach the first-order deformation of the solution to the master 
equation, described by the equation (jH^ . Using the notations from (jSH)), its 
local form is 

sa = d^m^, (35) 

for some local current m^, so it requires that a is a s-cocycle modulo the 
exterior spacetime differential d. In order to analyze the above equation, we 
develop a according to the antighost number 

J 

a = ^ak, agh (a^) = k, gh {ak) = 0, 5 (a^) = 0, (36) 

fc=0 

and assume, without loss of generality, that a stops at some finite value 
J of the antighost number. This can be shown, for instance, like in ^1] 
(Section 3), under the sole assumption that the interacting Lagrangian at the 
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first order in the coupling constant, oq, has a finite, but otherwise arbitrary 
derivative order. By taking into account the decomposition (fT^ of the BRST 
differential, the equation (jH^ is equivalent to a tower of local equations, 
corresponding to the various decreasing values of the antighost number 

7aj = df,m , (37) 
6a J + 7aj_i = 9^ ^ , (38) 
Sttk + Tcifc-i = m , I < k < J — 1, (39) 

where ym j are some local currents, with agh yn j = k. It can be 

proved that the equation (jHTf) can be replaced at strictly positive values of 
the antighost number by 

7aj = 0, J > 0. (40) 

The proof of this result is standard material and can be found for instance 
in [m HSl Cni HZ] • Then, in order to solve the equation (equivalent with 
(1^01) and we clearly need to compute the cohomology of 7, H (7). 

On behalf of it is simple to see that H (7) is spanned by 

= {F^,. = d[,Al^,d^H;,cp,,d,Bii\y^), (41) 

X* = (^^o'C'C'^a)' (42) 
and by their spacetime derivatives, as well as by the undifferentiated ghosts 

v^' = {v'',vr\c;^px)- (43) 

(The derivatives of the ghosts rj^^ are removed from H (7) since they are 
7-exact, in agreement with the first relation in ()24|) . the last formula in ()25p 
and respectively the first definition from (|26|).) If we denote by (v^^^ the 
elements with the pure ghost number equal to M of a basis in the space of 
polynomials in the ghosts r]^^, it follows that the general, local solution to 
the equation (jlUI) takes the form (up to trivial, 7-exact contributions) 

aJ = ^^J{[u;^],[r])e'{v^^), (44) 

where agh (/xj) = J and pgh (^e'-'^ = J. The objects jjj (obviously non-trivial 
in (7)) were taken to have a bounded number of derivatives and a finite 
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antighost number, so they are polynomials in the antifields x* ■, iii their deriva- 
tives, in all the quantities a;^ excepting the undifferentiated scalar fields ipa 
and the undifferentiated bosonic matter fields (if any), as well as in all of 
their derivatives. However, the /xj's may in principle have coefficients that 
are infinite series in and in all commuting y*. Due to their 7-closeness and 
(partial) polynomial character, j will be called "invariant polynomials" . A 
useful property is that the cohomology of d in the space of invariant polyno- 
mials is trivial in form degree strictly less than four and in strictly positive 
antighost number (for a general proof, see ^Hl)- This further leads to the 
conclusion that there is no non-trivial descent for H {'^\d) in strictly positive 
antighost number, or, to put it otherwise, that the equation flH7|) can always 
be replaced with (j4Up for J > 0. The proof to the last result can be done 
like in [nilinillZl. 

Replacing in (jHHjl we remark that a necessary (but not sufficient) 
condition for the existence of (non-trivial) solutions aj_i is that the invariant 
polynomials /xj from (jl^ are (non-trivial) objects from the local cohomology 
of the Koszul-Tate differential H {5\d) in antighost number J > and in pure 
ghost number equal to zero, /ij G Hj {5\d), i.e. 

{j-if /(J-iA /(J-iA 
5^^J = df, j , agh ( j j = J - 1, pgh ( j 1=0. (45) 

Consequently, we need to investigate some of the main properties of the 
local cohomology of the Koszul-Tate differential in pure ghost number zero 
and in strictly positive antighost numbers^ in order to fully determine the 
component aj of highest antighost number from the first-order deformation. 
To this end we observe that the form of the "free" Lagrangian action 
together with the definitions ()18 p - (P^ enable us to analyze Hk {S\d) in terms 
of the local cohomologies H^^^^ {6\d) and Hf^ {S\d), where the last local 
cohomologies in antighost number k refer to the Koszul-Tate operator that 
acts non-trivially only in the matter sector, respectively, only in the BF 
one^. In the light of the general results from UH], according to which the 

^We recall that the local cohomology H {S\d) is completely trivial in both strictly 
positive antighost and pure ghost numbers (for instance, see Theorem 5.4 and j2()|'l. 

^Indeed, we can decompose i5 like S = (5™^*' + S^^ , where (J™*^** (matter variables) = 
S (matter variables) and (5™^*' (BF variables) = 0, respectively, S^^ (matter variables) = 
and S^^ (BF variables) ~ S (BF variables). According to this decomposition, iJ™^" ((^M) 
and H^^ {S\d) must be understood only like some more suggestive notations for H ((J^'^^'jii) 
and H ((5^^|c?) respectively. 
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local coliomology of the Koszul-Tate differential in pure ghost number zero 
for a given gauge theory is trivial in antighost numbers strictly greater than 
the Cauchy order of this theory, combined with the fact that the separate 
Cauchy orders of the matter theory and of the BF model are equal to one 
and respectively to four, we can state that 

i/r" m = o,k>i, (46) 

Hf^'iSld) = 0, k>4. (47) 

By means of the above results it follows that 

Hk {6\d) = 0, k>A (48) 

for the overall "free" theory (0) and, moreover, that Hk {S\d) = Hf^ {^\d) for 
k = 2,3, 4. As for Hi {S\d), this is the only case where the general represen- 
tative of the local cohomology of the Koszul-Tate differential involves, and 
possibly mixes, the field/ghost and antifield spectra of both BF and matter 
sectors. It is quite reasonable to assume that if the invariant polynomial /ik, 
with agh (/ifc) = A; > 4, is trivial in H^ {S\d), then it can be taken to be trivial 
also in i/^ {S\d) 

/ifc = Sbk+i + c , agh (/ife) = k>4:j ^ fik = %+i + 9^ 7 , (49) 

where Pk+i and 7 are invariant polynomials. [An element of i?™^ {^\d) is 
defined via an equation similar to ()45|) for J ^ k, but with the corresponding 
current an invariant polynomial.] This assumption is based on what happens 
in many gauge theories. For instance, see [TH UHl CEl E! • The results (jlKjl - 
(I49|l yield the conclusion that all the local cohomology of the Koszul-Tate 
differential in the space of invariant polynomials in antighost numbers strictly 
greater than four is indeed trivial 

Hj^^{6\d) = 0, k>4. (50) 

The previous results on H {6\d) and if™^ {S\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing the 
antifields from the first-order deformation. This statement is also standard 
material and can be shown like in IT^ [W\ ITT] . Its proof is mainly based 
on the formulas (j48|) - (j5(jp and relies on the fact that we can successively 
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eliminate all the pieces of antighost number strictly greater that four from the 
non-integrated density of the first-order deformation by adding only trivial 
terms. As a consequence, we can safely take the first-order deformation to 
stop at antighost number four ( J = 4 in the expansion (jSHl)) 

a = ao + ai + 02 + as + 04, (51) 

where 04 is of the form and fi^ is a non-trivial element from if™^ {^\d) = 
i^r^^ i5\d). 

4.1.2 Computation of the first-order deformation 

After some computation, we infer that the most general, non-trivial repre- 
sentative of can be taken of the type 

/ \pupX _ ( d U / rj^[^^*up\] f^*[pu r<*PM\ 

f)3TT f^TJ \ 

^^^j>^f'''"rcr + a^.a,,a^,a,, g.-''^rgrg.^J .(52) 

where U = U{ipa) is an arbitrary function depending only on the undifferen- 
tiated scalar fields. We omit the proof of this result, which is rather tedious 
and not illuminating, but observe that it is in perfect agreement with the 
similar one given in [13| in the absence of BF collection indices and also with 
that resulting from the Hamiltonian analysis of action ([Q) in n dimensions 
and reported in ^21- On the other hand, the elements of pure ghost number 
equal to four of a basis in the space of the polynomials in the ghosts (pSj) is 

v'ClupX, v'v'^VcpupX, rtifvtif, VapupxVbp'u'p'x'. (53) 

Thus, the last representative from the expansion (|HT|l is provided by directly 
"gluing" (fS^ to the elements from by means of some appropriate func- 
tions of the scalar fields, and hence will be expressed by 

_ ( ^^ah ^^aupX , ^ ^ab f TT*\n^*iypX] ^*[ui/^*pA]\ 
I ^ ab TT*[p TT*u^*pX] J 0-b lJ*fJ' TJ*'^ TJ*P TJ*^ I r,"'/^^ 
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V IT* A» TT*U/^fpA\ J aO TT*^^ TT*V TT*P TT*A 



n4 jYfab \ 
rr*[M rr*i^(^*pA] , tt*ij, tt*v tt*p tt*\ \ ^o-tk<; 



difcdifddipe 

i-mnpq ( TT*\a^*upX] 



^ ( 9Mmnpq ^^^upX , ^9 Mjnnpq / tt*[p(-i* 

2 ■ (4!)^ " ^ d^^d^, 

" ' dipcdifddife " ^ 

In the above the functions Wab, M^^, M"'' and Mmnpq depend only on the 
undifferentiated scalar fields. Meantime, M^^ together with Mmnpq are an- 
tisymmetric in their lower indices due to the anticommutation among the 
ghosts 1]"', while M"^ are symmetric as a consequence of the commutation 
among the ghosts for ghosts f]^'^'^'^. The factors —1/4, +1/2 and respectively 
— 1/2- (4!)^ in front of the last three pieces were added for further convenience. 

By computing the action of 6 on 04 and by taking into account the rela- 
tions it follows that the solution 03 of the equation for J = 4 
is precisely given by 



C *^ *^ C f/ 0\ 0\ *^ C G 



r)2 /\/f c , A3 /\ #c \ / 1 



*apX 
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q2 T^ab a3 i^ab \ 

I ^ TT*[(T^*TK rr*0- TT*T TT*H \ ^ ^P^^ P>^ 

dipcdipddiPe " j y difc 

lyj-mnpq 

+ 2M^r^pqV*"""''') ^V^"- (55) 



By means of the equation (jH^ for k = 3 

(2)^ 

5a3 + 702 = d^m , (56) 
the solution and the definitions lead to 
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3e 



'DM, 



mnpq 



.dM„ 



cr + 



difddif 



mnpq j^*pj^*u 



j^npj^ 



nX 



■12MmnpqB*'^>'''B*^f^) T^^T^'^ . 



Next, we investigate the equation (IHUj) for A; = 2 

(1)^ 

5a2 + 701 = (9^ m , 
which, combined with (j37j) . provide ai hke 



ai 



difc 



3 



+2e 



cpu I 2 'Icpup 



-Kb {B-Tj-iJ-' + A;;r/"A- + d^^;:A^r/, 



i/paX 



paX 

Vb 



4! 



where 



I A*arpp 

~^ ^p ^ab 



\b 



r] 



(57) 



(58) 



(59) 



(60) 



and a;^ is explained in (jUj). In order to produce a bosonic ai, as required by 
the standard rules of the BRST formalism, the gauge invariant functions T^*^, 
T^, Tab and T^^ must be bosonic, while the Grassmann parity of should 
be equal to for each b = 1, N. The term (jHUjl added in the right-hand 
side of dnni) appears like the general solution to the 'homogeneous' equation 
701 = and takes into account the fact that both the BF and the matter 
theories participate in the local cohomology of the Koszul-Tate differential 
in antighost number one. Its form is given by the general solution for 
J = 1. Such terms correspond to (22 = and thus they do not modify 
either the gauge algebra or the reducibility functions, but only the gauge 
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transformations of the interacting theory. We emphasize that the solutions 
as and 02 obtained previously also include the general ones, corresponding 
to the 'homogeneous' equations 703 = and 702 = 0. In order to simplify 
the exposition we avoided the discussion regarding the selection procedure of 
these solutions such as to comply with obtaining some consistent 02 and ai. 
It is however interesting to note that this procedure allows no new functions 
of the scalar fields beside Wat, M^^, M"* and Mabcd to enter 03 or 02- 
In order to solve the equation ()39|) at antighost number zero 

6ai + 700 = m^, (61) 

whose solution is nothing but the deformed Lagrangian at order one in g, 
from (j59j) we observe that 



5ai = —7 



+ 



+2e''P^^M^''Ba^,7]hp.x + y^.pxMabcdA''''A'PA'Y) + Sai- (62) 

Thus, the consistency of the deformation procedure at order one in the cou- 
pling constant requires that Sai must independently be 7-exact modulo d 

6ai + 7ao = df,j^. (63) 

At the first sight it seems that ai is not an essential ingredient of the defor- 
mation procedure since in its absence the equation (jF)T|) would still allow solu- 
tions for oo, as it can be observed from ()62j] in which we set di = 0. However, 
it is important to note that in its absence there are no couplings of the matter 
fields to the BF sector. Indeed, the results (gH)) and Hk {6\d) = Hf^ {6\d) for 
k = 2,3,4 imply that the earliest step where the matter generators may be 
brought in during the deformation process is given by the solutions of the 
'homogeneous' equation 701 = at antighost number one. Since the scope 
of this paper is to analyze the structure of possible interactions between the 
matter and the BF fields, in what follows we focus on the conditions that 
should be satisfied such that di indeed furnishes a consistent oq. 
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More precisely, we determine the allowed form of the functions T^^^, T^, 
Tab, T^b '^b such that is obeyed. Recalling the definitions 

it follows that 

5ai = - i5\b) rf. (64) 



In the meantime, from the definitions ()24|) and the first two relations in ()25p 
we read that the equation possesses solutions if and only if there exist 
some bosonic, 7-invariant currents with both pure ghost and antighost 
numbers equal to zero 



in 



0, pgh(j,^) = = agh(j,^), £(jn = 0, 



(65) 



such that 

- 5\b = 3^31 (66) 

Analyzing the expression of from ()60p. after some computation we find 
that a necessary condition for (j66p to hold is 



^ab 



J-ab 



0, T, 



ab 



0. 



(67) 



Substituting the partial solutions (|H7j) back into the equation the latter 
becomes 



+ 



6y^ 



-Tl 



(68) 



A practical manner of exhibiting solutions to (j68j) . and hence, by virtue of 
the above discussion, of introducing couplings between the BF and matter 
theories, is to suppose that there exist some local functions involving only 
the matter fields and their derivatives, whose Grassmann parities are Si, such 
that 

^-r^-^T:{[y^)=d,faM)- (69) 

Here, are some bosonic, local currents that depend only on the purely 
matter field spectrum. The last relation is nothing but Noether's theorem 
expressing the appearance of the on-shell conserved currents ( [y^] ) (on- 
shell means here on the stationary surface of field equations for the purely 
matter theory) deriving from the invariance of the Lagrangian action of the 
matter fields under the rigid symmetries 



Ay' = Tl[[y'\)i% 



(70) 
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with ^" some constant, bosonic parameters. From now on we work under the 
hypothesis that the matter theory indeed displays such rigid symmetries. 

The equation (jU^ may be rewritten in terms of the Koszul-Tate differen- 
tial like 

dX = S {-y:n) = Saa, (71) 

and it correlates the rigid symmetries (j7U|) to certain cohomological classes 
from the space Hi {S\d). Explicitly, it shows that some global symmetries 
(materialized in the conserved currents j^) define some elements cTa from 
Hi {S\d), i.e., some elements of antighost number equal to one that are en- 
closed modulo d. A global symmetry is said to be trivial if the corresponding 
(Ja are in a trivial class of Hi {6\d), hence if they are 5-exact modulo d 



6pa + d^c':, agh (p.) = 2, agh (c^^) = 1. (72) 

The currents associated with a trivial global symmetry are trivial (see the 
first reference from [TJ), and we assume that this is not the case here. 

Inserting in (jHEI), we find that the left-hand side of reduces to a 
total derivative if and only if 



fl=T:([y'\)u^,{ip),T^^,=3,,([y^) 



(73) 



where [/^ (ip) are some arbitrary functions of the undifferentiated scalar fields. 
In this case, the bar current from ()68|) is related to the purely matter one via 



(74) 



Using the solutions and (fTSjl in (jUUj) . we completely determine ai under 
the form 



di = ( [y^ ) U^, (^) + HTj,, ( [y^ ) ^^r,^ 
With 0,1 at hand, from (jUUj) we find that the solution to is 

do = 3^a{[y'\)u^Av)K^ 



(75) 



(76) 



which, correlated with ()62|) . enables us to write the full antighost number 
zero component in the first-order deformation like 



ao 



fa[[y'\)u^,{^)A 



+ 2^ 



Wa, (y.) A'^^Hl + -M:, (^) AlAlB, 
1 



2-4! 



M,,,, (^) AlA^A^Ai . (77) 
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The basic conclusion of the above discussion is that the appearance of 
consistent couphngs (at order one in the deformation parameter) of the mat- 
ter fields to the BF ones is obtained under the hypothesis that the matter 
theory is invariant under some (non-trivial) bosonic global transformations 
of the type (fTUj) . that result, via Noether's theorem (jU^ . in the (non-trivial) 
conserved currents j^. It is essential that the number of rigid symmetries is 
equal to the number of BF fields from the collection (A^). 

Putting together the formulas (jMl), (|SZ|), dSHl), (|Z3) and ((TTj), we con- 
clude that the first-order deformation of the solution to the master equation 
for the model under study can be written in the form 

I '^^ ab TT*[tl TT*V /^*pX\ J ''^ ab rT*M TT*y TT*P tt*>^ \ r,"-/^b 

1 ( dM^j^ ^^^p^ B Afg,j / jj*[p^^,yp^ ^*[p.v ^ifpx] 

q3 Jl/Tc q4 -hjc \ 

I ^ ^^^ab TT*ltJ- TT*u/-i*P>A . ^ ^^^ab tt*p tt*v tt*p tt*\ \ ^ah 

+ + B^.B^.B^.B^,''^ HeH.H^jvV Vc,.px 

1 // BA'f^^ B'^ A/T"-^ 



n4 A/Tab \ 

TT*[pTT*Uf^*pX] _| TT*fJ,TT*U TT*pTT*X \ C7TK,<; 

+ B^,B^,B^,B^f " ^ f ) 



BifcBipddiPe 

■i*pX] 



1 / B ]\/fm.'n.nn 



_rnnpq^*pupX , ^ ^^J-mnpq ( TT*[p^*vpX] ^*[p.i/^* 

B^M„ 



'■mnpq tt*[p TT*vri*pX] 



-'e 

^4 : 



B^M \ ^ 

^ ^ ^y^mnpq jj*p jj*u jj*p jj*X |^»^^"^P^9 



^^ah ^^aup I ^ ^ah TT*\n^*up] d^Wab TT*a tt*v tt*(. 

^ Bifc BipcB(pd BipcBipdBipe 



X ^ r/ C^,p + AA Cp,p,) + ^ 1^ + Q^^d^/c ^d ] ^ 

BW \ A ( B A/f^ 
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*apX 



Ffi A/f ^ r r)3 A/f c \ / 1 

X ((c) rP' M'^ \ 

n2 /\^ab q3 /\ ,f aft \ 

UlVl^ TT*(T TT*T TT*K \ ^ ^^^^^PA 



*aTK 
c 

c 



d^Mmnpq rT*^l tt*u tt*p\ AmX i i o ( 9M„ir 

d(Pcd(Pd 



^^ dMmnpq ^,u*mupX ^ 2MmnpqV*"''""''^] V'rfv" 

dipc J 
-2 (i'^^HVB'"' + W„s>7*°'"'''j Cj„, 
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(4!)' \ \ dipd " dipddife " ' J 



dM' ' 



+2e,p.r [^-f^Hl^B^^ - M'^'A*:^ 

+ ^1 \ Qip ^-cp--u ' -^--mnpq^fj.u 



dm . 1 



+H*Ji3,,:^rf - WatA^'^Hl + -M^^A^AIB^ + J^aU^.A^ 



M«''S,^,i?,,, - ^M„,,,A»AtA^A^) j . (78; 

It is by construction a s-cocycle of ghost number zero, such that S + gS\ is 
solution to the master equation (j!?T|) up to order g. 



4.2 Higher-order deformations 

It is clear from ()78|1 that S\ strongly depends on the structure of the matter 
theory. The only (reasonable) assumptions made so far on the "free" mat- 
ter theory are that its Lagrangian density £0 ([?/*]) is at most second-order 
in the derivatives of and that it separately describes a "normal" theory 
of Cauchy order equal to one. Until now we did not restrict in any way 
the derivative order of the interacting Lagrangian density, given at the first 
order in the coupling constant by Oq like in ((77j). However, as announced 
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in the beginning of this section, we will ask that the interactions preserve 
the differential order with respect to the "free" field equations. Given the 
first-order differential behaviour of the BF field equations resulting from the 
"free" action it follows that each term in ao must be restricted to have at 
most one spacetime derivative. The quantities in that may contain space- 
time derivatives of the fields are proportional to and hence we must 
ask that the conserved matter currents have no more than one derivative. In 
view of Noether's theorem ()69p it is then sufficient to take the generators 
of the rigid symmetries (fTOj) to be polynomials in the undifferentiated mat- 
ter fields (or even infinite series in the subset of commuting such fields). In 
order to fix the ideas and manifestly ensure that the Grassmann parity of 
is Si from now on we consider the case where the generators of the rigid 
symmetries (f7n|) are linear in the matter fields, i.e. 

^a = (Ta)>^ (79) 

with {Tafj denoting the components of some constant matrices Tq. Conse- 
quently, we obtain that the derivative order of is less than that of the 
matter Lagrangian density by one unit, namely it may be either zero or one. 

Next, we discuss the higher-order deformation equations etc. 
Initially, we analyze under what conditions the first-order deformation (j78|) is 
consistent at the second order in the coupling constant, namely the equation 
holds. We will see that these conditions impose various restrictions on 
the functions entering (fTSjl . so on the one hand they fix the expression of 
itself and, on the other hand, allow us to predict whether non-trivial second- 
and possibly higher-order deformations of the solution to the master equation 
appear^. The second-order deformation is governed by the equation 
which, if we maintain the notations from ()3U|) and consider that {Si, Si) = 
J d!^x A, takes the local form 

= —sh + d^'e^. (80) 

At this point it is necessary to make some specifications. It is clear that the 
expression of A depends, beside the BF sector, also on the (derivative) struc- 
ture of the corresponding matter currents j^. This is why we will approach 

■^Strictly speaking, we should have added to (|78|l also the solutions to the equation 
709 = dfiT^ at antighost number zero. For the lack of simplicity we have omitted such 
solutions since their consistency can be shown to enforce their triviality, independently of 
the consistency equation for (|78|l . which is further discussed. 
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distinctly the situation where the matter currents display no derivatives from 
the case where the derivative order of these currents is equal to one. 

Assuming that the matter currents have no derivatives (or, equivalently, 
that the matter Lagrangian density is first-order derivative), with the help 
of (f75|) in which we set (f7n|) we infer that 

A = K tabc + —- + K,^ —-— + K,^f 



difd dipddife d(pdd(ped(pf 

I T^abc ^ ''abc jjabc^d , Tjabc^^^^abc , jjabc ^ ^abc 

.Tjabc ^abc , jjabc abe , r^abcdf j. 

I Ty-abcd,f ^tgbcdf jy-abcdf 9'^tabcdf jy-abcdf dHgbcdf 



a3fb aij^b a^ab 

I T^a a I TV'a a i t^c j.ab , tv'C c 

"T-^-b.cde^ ^ ^ r ^b,cdef~^ ^ ^ ^ r ^ab'^c "r ^ab,d~^ 

dHf dHf dHf - 

+ ''''''' d^dd^,"" ""'"''fd^dd^^d^f'" '^''''^^'difdd^^dcpfdcfg^ 
= n + A, (81) 

where A is responsible for the occurrence of the matter sector and its expres- 
sion is 

+faU:M^X'") + y* {{Tar, (u:^-^ 

f)TTa rUJ"' \ 

^"-^ y'di^A"'^^ " " a^r - " " a^r j 



5y^ ^ \dip^ " dipr. 
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+^-jfiT,))y'UcU^)Kv'- (82) 

The form of the t's involved in (jHT|) reads as 

W = WecM^f, + Wea^ + ^eb^ , 83 

titc = Wela^ + M^^^M^.^+M'^M^abc, (84) 

tabcdf = W^e[a^^^ + Me[„,eM^^], (85) 
tl = M'^'Wea, (86) 

tl' = W^ea^ + M(^M^)^ (87) 

while the remaining objects, of the type K and U, can be found in Appendix 
1X1 The notation [be - ■ ■) signifies complete symmetrization with respect to 
the indices between parentheses such as to include all the independent terms 
only once and without normalization factors. We recall that the expression of 
A from (jH^ was obtained under the assumption that the currents exhibit 
no derivatives. 

In the complementary situation, where the matter currents do contain 
derivatives (which is the same with assuming that the matter Lagrangian 
density is second-order derivative), we find that the non- integrated density 
of {Si, Si) = J d'^x A' can be written as 

A' = A + A = n + A + A, (88) 

where A is given in ()8ip and A contains derivatives, involves both the BF and 
matter sectors and depends on the concrete form of j^. The general expres- 
sion of A is nevertheless not illuminating in the sequel. Since A' includes A, 
it is enough to analyze the consistency of the first-order deformation using 
directly the former quantity. However, when relevant differences between the 
cases where the currents do or do not contain derivatives arise, they will be 
clearly emphasized. There are two main types of terms in the right-hand 
side of (j88p : (i) the first kind involves only the BF sector and was generically 
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denoted by 11; (ii) the second variety combines the matter and the BF spec- 
tra and is designated by A + A, with A given in (j82j) . Due to their different 
nature, 11 and A + A must separately be s-boundaries modulo ci, i.e. each of 
them has to be written in a form similar to the right-hand side of ()80|) . 

None of the elements of the type (i) can be written like in the right-hand 
side of flHUI) because none of them contains spacetime derivatives, as does the 
action of s on all fields, ghosts and antifields from the BF sector. Thereby, 
tabc, tihc, tabcdf, t\ and t^^ must vanish 

tabc = 0, 4c = 0, W = 0, = 0, = 0. (89) 

Using the expressions (jH^ -(|H7 j) . we see that the solution to the equations 
(jHi is 

= = felab^, M"^ = 0, (90) 

where, the functions Wab (which are antisymmetric now due to the first 
relation in ()90p and to the established antisymmetry of M^^) are restricted 
to satisfy the identity 

Wj-^ = (91) 

and fabc are arbitrary constants, completely antisymmetric in their indices. 

On behalf of (jUn|) . we find that A' given by (jHHjl reduces only to compo- 
nents of the kind (ii) 

+ |T,,rj".(7,''c/=)'i/^,,V 



difm V dife d(pe d(pe 



+ 7^ (T,); ym:uA A\rf + A. (92) 
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We observe that the term from (|92j) proportional with y* cannot be written 
in a s-exact modulo d form for the same reason like before. In view of this, 
we impose that 

FfW rill"' r}lJ°'\ 

+ W,,-^ - IVec^ (T,);. + [T,, Te]; VtK = 0. (93) 

There are two kinds of solutions to the system (jHS))- The first one (to be 
called "type I solution") is 

f/," = fc'^We6, [T,,Tfe] = (94) 

and it does not impose further constraints on the functions Wabi but merely 
restricts the matrices to be commutative (the second relation in ()94|) ). In 
fj94p k"""^ are some constants. Due to the identities ()9ip . the antisymmetric 
functions Wab can be viewed like the two-tensor on a Poisson manifold with 
the dynamical scalar fields taken like local coordinates on the target space. 
The second one (to be named "type II solution") reads as 



Wab = f:b¥>c + Fab, (95) 

M^, = (96) 

= 51 (97) 

[T.,T,] = -/^,T„ (98) 



and it restricts the functions Wab to be at most linear in the scalar fields. 
In the above, /^^ and Fab are some constants, antisymmetric in their lower 
indices. As a consequence of the identities dHD), we find that these constants 
are further subject to the conditions 

ftialL] = 0, F^^afbc^ = 0. (99) 

We can thus interpret f^b like the structure constants of a certain Lie algebra 
L{Q), where by Q we denoted the unique (since the Lie algebra is by hy- 
pothesis finite-dimensional) connected, simply-connected Lie group having 
this algebra like its Lie algebra. Then, according to (j98|) . the matrices of 
elements (T^)*^ can be viewed like a basis of infinitesimal generators of an 
arbitrary linear representation of dimension I (the number of matter fields) 
of L {Q). With these two types of solutions at hand, in the sequel we ana- 
lyze the existence of higher-order deformations of the solution to the master 
equation. 
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4.2.1 Type I solutions 

Substituting ^ in ^ we obtain tliat 

(^1,^1) = 



+h:,^v']+M], (100) 



where Aj means A restricted to the type I solutions. Two major situations 
met in practical applications deserve special attention. 

I. a. Initially, we consider the case where the matter currents are invariant 
under the gauge version of the genuine rigid symmetries (170)1 



{ny,y' = o. (101) 



It is obvious that if the matter currents contain derivatives, then they 
cannot be invariant under the gauge version of the rigid symmetries fl70|) . As 
a consequence, the formula (jlOll) might hold only if these currents involve 
no derivatives, in which situation Aj vanishes. Then, from (jl(J(J|) we infer 
that (5*1, S'l) = 0, and so we can take S2 = 0, and, in fact, Sk = for all 
k > 2. As a consequence, the deformed solution to the master equation that 
is consistent to all orders in the coupling constant results in this case from 
(I7H|) where we set jZH), ^ and dHU), and reads as 



+ 



-g'-^U^n^^A^^A-^A^^r^^^ - b;: (3 {b,)\r - ^gWabC'^'^ 



+a:'^ {b^)\v' - g^*''Wabv'' + gy* (T„);. y^rWe^T^^ 
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-cr (3 {p'fcl, - - {sm.^,. 

/ 1 3 \ 

QTT7 a2TI^ /I 



1 



28 



dLpaOLpcOipdO'^e J \dipaO'^c 



1 „ d^W. 



4 • (4!) oipaOipc 

( d Wgj, / rT^U^*up\] ^*[^uri*P>'] 
1 ( d^Wab 

--.9 



4 \dipcd(pdd(p, 



dipcdifddipedipf' 



9 . , ( d^W,,] 



~r"o 7^ 7^ -"r -"rf 

dcpadcpcdipddipe 



d(pad(pcdipddipedipf 
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where we used the notations 



(103) 
(104) 

(105) 

(106) 

From the full solution ()1()2|1 we can extract all the information on the resulting 
interacting model. 

Indeed, the pieces with antighost number zero from ()102|) produce the 
Lagrangian action of the coupled theory 





= + ^?W^afe^'^ 


pa 










- 5^0 +a^^''A'^ 

- d.d. + g^^^A^. 



X 



+£0 ( [y"] ) + 9 fa {y") k'^'w^t {^) Al) . (107) 

The first three types of terms describe the self-interactions of the BF fields. 
They were partially obtained by us in ^2] under the supplementary assump- 
tion that the interactions do not break the PT invariance (which is the same 
with setting f^ah = in ()107p ). Here, we dropped this requirement and 
consequently allowed the appearance of a new vertex that is quartic in the 
one-forms A^. The last term provides the couplings between the BF fields 
and the matter fields and can be written in the compact form gjf^A^^, where 
the bar current is given in ()74|) . with the functions [/^ like in ()94|) . It is inter- 
esting to remark that we have a generalized minimal coupling, in the sense 
that even if it is formally expressed like 'vector fields times currents', however 
the currents are not the conserved, purely matter ones from (j69|) . but the 
matter currents in some 'background' potentials k"'^Web of scalar fields. 

With the help of the elements of antighost number equal to one present in 
()102j) we read the generating set of deformed gauge transformations for the 
action (jl07j) . which can be obtained by detaching the antifields from these 
terms and by replacing the ghosts with the corresponding gauge parameters 
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2 difaO^c 



~^"''''^'^['^'^^^^^')''' 

= (7 (T,); y^■p^^ye^,e^ (111) 

All the gauge transformations are deformed with respect to the free ones, ((2}- 
The striking features of the new gauge symmetries can be synthesized 
by: 1. the matter fields gain gauge transformations, which can be viewed 
as being obtained by gauging the rigid symmetries (fTOj) with the choice ff7^ 
and by further putting them in the same 'background' potentials k°'^Web of 
scalar fields; 2. the BF one-forms H'^ are endowed with gauge transforma- 
tions that are proportional with the matter currents and with the derivatives 
of the 'background' potentials. Since the deformed gauge generators depend 
on the fields, in contrast to the 'free' theory (P), we expect that the corre- 
sponding gauge algebra is non-Abelian, although the matrices Ta commute 
(the second relation in (jMjl ). As it will be seen below, this is indeed the 
case. Another interesting observation is that the deformed field strengths 
and gauge transformations of the one-forms take generalized Yang-Mills 
forms, with the usual structure constants replaced by the derivatives of the 
'background' potentials (see ()1U4|) and the second relation in ()108|) . with the 
corresponding 'covariant derivatives' like in ()105|) ). 

The pieces of antighost number two are known to describe the deformed 
gauge algebra and new first-order reducibility relations. They belong to four 
distinct categories. Firstly, those linear in the antifields of the ghosts and 
quadratic in the ghosts with the pure ghost number equal to one contain 
the structure functions corresponding to the commutators among the gauge 
transformations ()108|) - ()11H) . Secondly, the presence of elements which are 
simultaneously quadratic in the antifields of the original fields as well as in 
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the ghosts with the pure ghost number equal to one shows that the gauge 
transformations (jl(J8|) - (jlll|) only close on-shell. Here 'on-shell' means on 
the stationary surface of field equations for the deformed action ()107|) . As a 
consequence, it follows that the deformed gauge algebra for the type I solutions 
is open, i.e., only closes on-shell, unlike the initial one, which is Abelian. It is 
interesting to mention that the matrices from the gauge transformations 
(llllj) of the matter fields are commuting (see the second relation in (j94j) ) . but 
the matter gauge transformations are not. This is essentially so because (jllip 
also involves the functions Web that satisfy the identities (jHH). Thirdly, there 
appear terms which are linear both in the antifields of the ghosts and in the 
ghosts with the pure ghost number equal to two; the functions that 'glue' 
these BRST generators are precisely the deformed first-order reducibility 
functions of the coupled model. Fourthly, we notice the existence of pieces 
that are quadratic in the antifields of the original fields and also linear in 
the ghosts with the pure ghost number equal to two — they exhibit the 
on-shell closeness of the first-order reducibility relations, in contrast to the 
initial theory, whose reducibility takes place everywhere on the space of field 
histories. The terms with the antighost number equal to three and four 
complete the tensor gauge structure of the interacting model. Among others, 
they lead to the conclusion that the reducibility relations of order two also 
hold only on-shell. 

I.b. In the opposite situation, where the conserved matter currents are 
not invariant under the gauge version of (|7(J|) 

^m)>VO, (112) 

it follows that (5*1, 5*1) is not vanishing, hence the second-order deformation 
5*2 as solution to the equation will also be so. This happens for in- 
stance if the matter currents contain spacetime derivatives. Moreover, it is 
possible to obtain other non-trivial, higher-order deformations when solving 
the remaining equations ((|S1|), etc.). The expressions of these deformations 
strongly depend on the structure of the matter theory and cannot be out- 
put in the general setting considered here. What is always valid is that the 
complete deformed solution to the master equation starts like 

Accordingly, the Lagrangian action of the coupled gauge theory will contain 
interactions of order and possibly of higher orders. 
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4.2.2 Type II solutions 

Inserting in we deduce that {Si, Si) becomes 

{Si, Si) = J d'x [2 l^fJ:, + ^ (T,);. y^^ Air,' + Anj , (114) 

with An denoting the restriction of A to the type II solutions. Again, we 
consider two basic situations. 
II. a. Assume that 

Jc"/:. + ^ = 0, (115) 

or, which is the same, that the conserved matter currents transform under 
the gauge version of the rigid symmetries (f7n|) according to the adjoint rep- 
resentation of the Lie algebra L {Q). Similar to the subcase I. a, the relation 
(I115j) might hold only if the currents have no derivatives. This is so since 
if we take /^^ = in pi5j) . then we arrive precisely at pOlj) . In consequence, 
in this case we have that An = 0, which further leads to (5*1, Si) = 0, so we 
can set 5*2 = 0. Moreover, all the higher-order equations (j^ . etc., are satis- 
fied with the choice S'3 = 5*4 = ■ ■ ■ = 0. Consequently, the deformed solution 
to the master equation consistent to all orders in the coupling constant is 
provided by (f75|l where we use (f7^ . and (^^ - (^5]) . and reduces to 



-9^*^ [f:,^c + Fa,) rf + gyl {n)) y^rf + A^ {D,)\ rf 
+B;: (-3 {D,)J' - gfa.v'B^'^ + 2g (/:,^, + F,,) C'^^ 



+v;i, (4 {D,)j' vr' + gMvr - 2^ {ra^^c + f,,) c^^^^ 
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+Cr^'r^'^) Cl^^,) , (116) 
where we used the notations 

D>^^, = + ^? + i^ab) (117) 

F% = d[,A:^+gf^XAl, (118) 
{D,)\ = 5td,-gf^,Al, (119) 
(^m)/ = ^% + 9fLAl. (120) 

The Lagrangian formulation of the interacting model is deduced from pi6p 
following the same pattern like in the previous subsubsection, i.e. analyzing 
its components with definite, increasing antighost numbers. 

Thus, the Lagrangian action of the interacting theory takes the simpler 
form 

+/:o([?/^])+^7jr(l/0^^)' (121) 

and it is invariant under the deformed (generating set of) gauge transforma- 
tions 

5.Va = -g ira,Vc + e\ ^A^ = {D ,)\ e^ (122) 



e Ab 
cd]^p 



^e^-^^feiabaA'Ale", (124) 



6.y' = g{Tj^y'e\ (125) 

Let us briefly comment on the physical features of the coupled model in this 
situation. The first three terms from ()121|1 describe again the self-interactions 
among the BF fields. The abelian field strengths of the one-forms |^^| are 
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now deformed into the standard Yang-Mills form (jll8p . instead of the more 
general expression (|1U4|) from the previous case. Also, the coupling between 
the BF and the matter sector is a minimal one, of the form 'vector fields 
times currents', where the currents are now precisely the conserved, purely 
matter ones from (jU^ . Along the same line, we read that the new gauge 
transformations of the one-forms |^^| are standard Yang- Mills, being given 
by the second relation in ()122|) . with the corresponding covariant derivative 
expressed by pi9p . The matter fields are endowed, as a consequence of the 
type II solutions, with the deformed gauge transformations (|125|) . which are 
nothing but the gauge version of the rigid ones (j7(jp with the generators like 
in (fTUj) and satisfying the relation (jHEI)- We would expect that the deformed 
gauge algebra be precisely the Lie algebra L {Q) with the structure constants 
—fab- However, this is not true since pi6|) contains a term proportional with 
^fiupXj!^^^^j!e^j^*aj^*b^^c^d^ which shows that the deformed gauge algebra is in 
fact open, so it closes only on-shell. (More precisely, it closes when the field 
equations for the two-forms hold, SSq^'^^ /6Bf^'^ ^ 0.) This is a relatively 
rare example of gauge theory with an open gauge algebra, whose structure 
functions reduce entirely to the structure constants of a Lie algebra. If we 
however forbid the breaking of PT invariance, namely take feat = in ()116|) . 
then the deformed gauge algebra indeed becomes the Lie algebra L (Q). As 
for the redundancy of the new gauge transformations, it remains of order 
two, with the corresponding deformed reducihility relations closing on-shell. 

II. b. In the opposite situation, where the conserved matter currents do 
not transform under the gauge version of the rigid symmetries ()7U|) according 
to the adjoint representation of the Lie algebra L {Q) 

J^rat+^-^in))y^^O, (126) 

we find ourselves in the same framework like in the subcase Lb. Thus, {Si, Si) 
is not vanishing, such that the second-order deformation 5*2 involved with the 
equation (j33p will also be so. In principle, it is possible to infer other non- 
trivial higher-order deformations as solutions to the equations ((jSU, etc.). 
The concrete form of these deformations depends again on the structure of 
the matter theory and cannot be prescribed here. We can only write that 
the complete deformed solution to the master equation begins like 

^(II.b) ^ ^(II.a) ^ ^2^(II.b) ^ ^ ^^3^ ^ (127) 
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such that the interacting Lagrangian action includes vertices of order g'^, and 
possibly of higher orders. 

Finally, a word of caution. Once the deformations related to a given 
matter theory are computed, special attention should be paid to the ehmi- 
nation of non-locality, as well as of triviality of the resulting deformations. 
This completes our general deformation procedure, based on local BRST 
cohomology. 

5 Examples 

Next, we consider two examples of matter theories — Dirac fields and real 
scalar fields — and determine their consistent interactions with the four- 
dimensional BF model under discussion in the light of the analysis performed 
in the previous sections. 

5.1 Couplings for a set of Dirac fields 

First, we examine the consistent couplings with a collection of massive Dirac 
fields. In view of this, we start from the Lagrangian action of the matter 
fields 5^^" [y'] in (0) of the form 

= / d'x (i (7^)", d, - mSi) V.^) , (128) 

where and ij)^ {A = 1,/', a = 1,2,3,4) denote the spinor components 
of the complex Dirac spinors ipA and '0'^ (the bar operation signifies spinor 
conjugation). The actions of 6 and 7 on the matter generators from the free 
BRST complex are expressed by 

S^A = 0, = 0, (129) 

= -(i(7'^)"„5. + ^'5f)#, (130) 

dr/ = -(i(7%9.-^5/)< (131) 

'jrA = 0, 7V^^ = 0, 7V^:^ = 0, ^rA = o, (132) 

where the antighost number one antifields ip^"^ and ip'^ are bosonic. Their 
actions on the variables from the BF sector are correctly defined by the 
appropriate relations in ()18|) - (j^m) . Let us consider the rigid symmetries 

A^^^ = (T„)i, r , A^^^ = - {TafA rsC, (133) 



cmatt 
'-'0 
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of the action (|128|) . such that the corresponding conserved currents read as 
From (jl34j) we find that 

-j^ m); y' = ^ - ^ {T,)\ n, (135) 

and hence 

^ B^f - ^ = (7^)", \Ta.T,\\^%. (136) 

In the case of type I solutions (see (jMjl ). the relation p36|l becomes 

^ - ^ n = 0, (137) 

such that we are under the conditions of the subcase I. a. Consequently, (ffH|) 
takes now the form 

+iH*j:k^^^-^^t (7.); iT^)\ ^'bV\ (138) 
while Oq (the solution to the equation (jHSI)) can be written as 

ao = i^f (7^^); (T,)^^ (139) 

According to the general theory, the consistency of the first-order deformation 
leads to no higher-order deformations in this situation. The deformed La- 
grangian action and accompanying gauge transformations are given by ()107|) 
and respectively p()8|l - piip where we set y' and use 

For the type II solutions (see (jnKjl - (jnH|) ) it follows that the relation p3(ij] 
leads to 

so we are in the subcase II. a. Furthermore, we have that 

\A„7,*a „i,*A„i,a\ (rp \B 



«i = (c^l^-OBj(^a)lr/^ (141) 

ao = -^i^tirr^iT^fA^^^Al. (142) 
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The consistency of the first-order deformation again produces no higher-order 
deformations. Similarly, the deformed action and its gauge transformations 
follow from the relations ()121|) and ()122|) - ()125|) where we replace by ip'X 
and Tp-^, and take into account the relations ()133|) - ()134p . 



5.2 Couplings for a collection of real scalar fields 

Second, we analyze the case where the role of the matter fields is played by 
a collection of real scalar fields, {0"^}^ ^7' "'"^ ^^^^ situation the Lagrangian 
action of the matter fields from is 



omatt 
'-'0 



kA 



J d'x (^Kab (5,0^) {d'^<P^) - V (0^)) , (143) 



where Kab is an invertible, symmetric, constant matrix. We assume that 
the matter action ()143p is invariant under the bosonic rigid symmetries 



A^</.^ = -(Tji,0^r. (144) 

This is true if the constant matrices T^, of elements (T^)^, are such that the 
following relations are satisfied 

dV _ .A 



{T^rB r = 0, (145) 

(^'<.).b = -(^-)bV 

where 

{f^)^^ = KAEiT,fB. (147) 

Assuming that such matrices exist, it follows that the conserved currents 
associated with the rigid symmetries ()144p read as 



^■M=(5M0^)0i^(f„)^^. (148) 
For the model under consideration we then find that 

^(T,)>^ = -^(T,)1,0-. (149) 
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With the help of the expression (|148|) we deduce that 

-d^ Q {T„, T.fj, i^Ac^ , (150) 

where {T<j, TJ = Ta% + %Ta- 

For the type I solutions (see (jHH)) the relation ()15Up becomes 

^""^^ {T,)% <\>^ = -d^ (]- {T,, T,}% Kac<P^<P'') ^ 0, (151) 



so we are in the subcase I.b. In this context we have that 

ai = k'"' (-01 {Ta)\ + i^r^ (5.0^ (^a)^^ 0^) r^" (152) 

and respectively 

ao = P'^ (9^0^) (f,)^^ 0^iyc.4. (153) 

The consistency of the first-order deformation of the solution to the master 
equation leads to a non-trivial deformation at the second order, of the form 

5?-'^ = -^r^'A;'^^irAc{T„T4^|d^x0^0^x 



X 



On behalf of ()lU2p adapted to our model and of p54p we obtain that S'^^^ = 
and also 5*4^''^'' = S^'^'^ = ■ ■ ■ = 0. In this situation we get that the full 
deformed Lagrangian action is a polynomial of order two in the coupling 
constant 

(155) 

(b,y^ = 6^d, + g {Tafc k'^'W.Al (156) 

and 5*0^^^^ denotes the action that describes the self-interactions among the 
BF fields for the type I solutions, and reduces to the first three terms from 



where 

A 
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the right-hand side of (|1(J7|) . The deformed gauge transformations of (jl55|) 
are hke in (fTnH|l and (fTTU|) - (fTTT|l where we set y' = 0^ and (T„)V = - (TJ^, 

while the gauge transformations of the one-forms are enriched with 

terms of order two in the couphng constant 

= Kh; + g^K^s {T,fc <f (Tefn <l>''k^^Wf,Alk"^^e'^. (157) 

In the above S^H^ can be found in ()109|1 and must be taken hke in ()148|1 . 
The commutators among the deformed gauge transformations are also mod- 
ified with terms of order two in the coupling constant, but the reducibility 
relations stop at order one in the coupling constant, and hence take the same 
form like in the subcase La. 

For the type II solutions (see (| ^ - (|^ ) the relation ()15U|) gives 

- ^ {n)^ + fai^fc = -d' [I {Ta, nfn Kac<P^<P'') , (158) 
so we are in the subcase II. b. Consequently, we have that 

ai = -0:^(T,)^^0V (159) 

and respectively 

ao=(9>^)(rJ^^0^A^. (160) 

The consistency of the first-order deformation leads to the second-order de- 
formation like 

b) ^ _ 1 ^^^^ ^^^C J d^^^A^B^a,^d_ (ig^) 

Using ()116|) adapted to the present model and ()161|) we get that S^^'^^ = 
and, furthermore, sf^'^^ = S^^'^^ = ■ ■ ■ = 0. Consequently, the complete 
Lagrangian action of the coupled model becomes 

sr' = sr" + / d'x [\k,, {{D,)y) ((b");*") - v (0-) 

(162) 

where ^ 

{D,)^ = 6^d, + g{Taf^A;, (163) 
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and Sr''^ means the action responsible for the self-interactions among the 
BF fields for the type II solutions, being represented by the first three terms 
from the right-hand side of (jl21|) . It is again a polynomial of order two 
in the deformation parameter. In this situation the gauge transformations 
of the action ()162|) gain no new components, of order two or higher in the 
coupling constant, and are expressed like in ()122j) - ()125|) where we set ?/* = (j)^ 
and {TaYj = — (^a)ij- Consequently, the gauge algebra and the reducibility 
relations are the same like in the subcase II. a. 



6 Conclusion 

The main result of this paper is that we can indeed add consistent Lagrangian 
interactions to a "free" theory describing a collection of BF-like models and 
a matter theory in four dimensions. Our treatment is based on the defor- 
mation of the solution to the master equation. The first-order deformation 
is computed by means of the local ERST cohomology in ghost number zero. 
Its existence is due to the hypothesis that the matter theory is invariant 
under some (non-trivial) bosonic global symmetries, which produce some 
(non-trivially) conserved currents j^. The consistency of the first-order de- 
formation restricts the commutators of the constant matrices that enter 
the global matter symmetries to either vanish (type I solutions) or close ac- 
cording to a Lie algebra (type II solutions). The deformation procedure stops 
at order one if the matter currents jj^ include no derivatives and if they either 
remain invariant under the gauge version of the rigid symmetries in the first 
case or transform under the gauge version according to the adjoint represen- 
tation of L{Q) in the second case. Otherwise, there appear deformations of 
order g'^ and possibly of higher orders. 

The common features of the interacting gauge models resulting from the 
two types of solutions at order g are: the matter fields are primarily coupled 
to the vector fields A^; all the fields (BF and matter) gain deformed gauge 
transformations; the gauge algebra of the deformed gauge transformations 
closes on-shell (in spite of the Abelian and respectively Lie character of the 
matrices T^), in contrast to the "free", Abelian one; the reducibility relations 
hold on-shell, i.e. on the stationary surface of deformed field equations, 
unlike the initial ones, that held off-shell. The main differences between 
the two cases are revealed by the couplings of the matter fields to the BF 
sector and by the expressions of the gauge transformations. Indeed, for 
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the type I solutions we find a generalized minimal coupling in the sense 
that even if it is formally expressed like 'vector fields times currents', 
however the currents are not the conserved matter currents j^, but jj^ in some 
'background' potentials of scalar fields proportional with Wab, while for type 
II solutions we recover a genuine minimal coupling. The same observation 
holds for the gauge transformations of the matter fields: in the former case 
they can be viewed as being obtained by gauging the rigid matter symmetries 
and by further putting them in the same 'background' potentials of scalar 
fields, while in the latter they reduce to gauging the rigid symmetries only. 
The deformed field strengths and gauge transformations of the one-forms 
inherit a similar behaviour: they are generalized Yang-Mills-like for type I 
solutions, with the usual structure constants replaced by the derivatives of the 
'background' potentials, and standard Yang-Mills corresponding to the Lie 
algebra L {Q) for type II solutions. Finally, we note that the exemplification 
of our results in the case of a set of Dirac fields leads to no deformations of 
order two or higher for either type I or II solutions, while for a system of real 
scalar fields we obtain second-order deformations for both solutions. 
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A Notations used in the subsection 4.2 

The various notations used within the formula (jSlj) are listed below: 

+4 (r/^r^*^^^'' + 'iB*''^"' A^p) C^^^ 

-4 [ri^'q^'^^'^P^ + QB*''^'' B*^P^ - 4^*^f^'^PA^^) C^^^^, (164) 
^abc ^ {m*/A^Pv'-Crr^^v')c;^-Hrv''v'H^, 
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-abc 
de 



■abc 

def — 



rabc 
d 



rabc 
d,e 



= -3 iCrH*/v^ + 2HTHTA^'>) rfCl^^ 
-H*/H*/i]''i]''C^^^ + (-2AH*/Hl^B*''P^rf 
+12H*/H*/A''PA''^ - 24^7^//;"^"^^ 
-3CrC*/Vv' + ACr'KVv') C;^,x, (166) 

-2 (ahTK^HYA'^^ + 3CrH*/H}'7i'^) rfCl,^^ 
-HTHTHyr^^rfC^^,, (167) 

Kt% = -HrHrH*/H;'r,^n'C;^^,, (168) 

-- {-2n^Al^Al + B;in'ri^) B^/ - A^n'ri'^A*/ 
+ {-AlAlAl + 677"S J + riT 

Af^'rCrfd + (-i2A»A^fi;^ + mB;lB;i 



(165) 




^H*/ri^n\^A:^ + {-3H*/n^A'^A 

3H*/r)''r)^B*''^"' + -C*/''ri''rf A^p 




+QC*/''ri''rf'B*''P^ - QC*/''ri''A^PA 




(170) 
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Tjabc 



cA 



(171) 



jjabc 
^d,efg 



j^abcdf 



8 

2 



f 



(172) 
(173) 



(174) 



j^abcdf 



jy-abcdf 
eg 



jy^abcdf 
^egh 



4! 



1/1 1 1 



2 V5! 



2-4! 



^jxvpX 



-^r^^epygvpX'l ^ 2{)^'^'' 9P^ ' 



1/1 

2 



(175) 



K. 



+//:,C,V^) r^*- - HI^H;^ {AIA\ - 2B;irf)] 77^77 V, (176) 



abcdf 



eghl 



- {v*''VbnupX - H^Vbupx)] , 



(177) 
(178) 

(179) 
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^b,c 



I TTa TT*(7\ I /~ia /„ /^*aTK I D /^*<TT oyl* U*o■^ 



^e^'"'^ [rib,upx (Cr.. (4i/rQ^''' + scr^cr^) 

I TT*a /^*TK I /^a r7*(T rr* 



I /^'i ^Q,.^ TT*CT /^*TK I D U*0" tT*T^ 



(181) 



^b,cde 



(182) 
(183) 



^ab 



— e 



jxi/pX 



-6 {vrB','Al + SrirVbarB*""') 



(184) 



^ab,i 



-rfj^r^bcrn, (rfCT"^ + ^CT" A^^ 



da 



;i85) 



ab.de 



—e 



/lupX 



HdaHlrA'^) 



+9r]rVbarHTH:V 



(186) 
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^ab,def 



= -2e 



I ^MI'PA O-TKrr* TT* TT* . 

+ 7a Vb ^da^er^ fK 



Kb4ef, = -e,.,xv7^'vb.r.,HrH:''H*/H;'n^, 



(187) 
(188) 



+vr' {v;uvV - Ktp^xv" (189) 

+12i^r^ {B;ir]'^ - A^Al)) - IvaV'^v'v', 



+3A:Alr,'^H:^) + r,r' ((^^"Q,.pA + 2^a<^. 



Q I - ejxvpA ' \ efxvp 



+i2B:;Ainm:^ + 2AtAiAiH:^)) + [-Iatti^h:^ 



-bt{Iv''c:^.+a:h:^))vV, im 



-6A;A\n'^H:^H%) + ^B^''r,^r,'r,m:^H%, (191) 

Kt% = (^r' {v'c;,, - 2aih;^ - ^^^^^^'^i/;,) vVh:,h%, (192) 

i^S/.^ = hr'v^v'v'H:^H%H;^Hl,. (193) 
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